We study the topological properties of an extended Bose-Hubbard model with cyclically modulated hopping and on-site potential parameters, which can be realized with ultracold bosonic atoms in a one-dimensional optical superlattice. We show that the interacting bosonic chain at half filling and in the deep Mott insulating regime can simulate bosonic Chern insulators with a topological phase diagram similar to that of the Haldane model of noninteracting fermions. Furthermore, we explore the topological properties of the ground state by calculating the many-body Chern number, the quasiparticle energy spectrum with gapless edge modes, the topological pumping of the interacting bosons, and the topological phase transition from normal (trivial) to topological Mott insulators. We also present the global phase diagram of the many-body ground state, which contains a superfluid phase and two Mott insulating phases with trivial and nontrivial topologies, respectively.
I. INTRODUCTION
Recently, the exploration of topological phases has became an important research area in condensed matter physics [1] [2] [3] [4] [5] and various artificial systems, such as topological photonic and mechanic systems [6] [7] [8] and superconducting circuits [9] [10] [11] [12] . In particular, ultracold atoms in optical lattices provide a powerful platform for quantum simulation of many-body physics and topological states of matter [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . With the advances of synthetic gauge field and spin-orbit coupling for neutral atoms [23] [24] [25] [26] [27] [28] [29] [30] , various topological phases and phenomena have been achieved in cold atom experiments. For instance, the celebrated Su-Schrieffer-Heeger (SSH) model [31] has been realized in one-dimensional (1D) dimerized optical superlattices [32] . The topological (geometric) pumping with ultracold fermionic or bosonic atoms in the optical superlattices has been demonstrated [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . The Harper-Hofstadter model [43, 44] and Haldane model [45] for the (anomalous) quantum Hall effect have been realized in two-dimensional (2D) optical lattices [46] [47] [48] [49] [50] [51] , where the topological Chern numbers characterizing the band topology were measured from the dynamical response of atomic gases [48] . The 2D topological bands were also realized in optical Raman lattices [52, 53] . The chiral edge states, as one hallmark of Chern insulators, were observed with cold atoms in synthetic Hall ribbons [54, 55] .
Although these works on studies of topological phases with ultracold atoms are at the single-particle level, several recent experiments have been done to explore topological phenomena in the interacting regime [42, 56, 57] . In addition, it has been theoretically revealed that the combination of band topology and many-body interactions (correlation effects) can give rise to exotic inter-acting topological phases [19, 58, 59] , which include factional and integer quantum Hall effects of bosons [60] [61] [62] [63] [64] [65] [66] and the topological Mott insulator [67] [68] [69] [70] [71] . The bosonic integer quantum Hall state is a U (1) symmetryprotected topological phase [72, 73] , which could be realized with interacting bosonic atoms in 2D optical lattices under an artificial magnetic field as extended Bosehubbard models [63] [64] [65] . The topological Mott insulator was first predicted in a 2D honeycomb lattice of interacting fermions [67] , and then was shown to be a generic class of interaction-induced topological insulators for interacting fermions or bosons in different dimensions [68] [69] [70] [71] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] . Several schemes have been proposed to realize the topological Mott insulating phase by using interacting bosonic or fermionic atoms in 2D optical lattices [74, 75] and 1D optical superlattices [80] [81] [82] [83] [84] [85] [86] [87] . An interesting question is whether one can simulate the topological physics of 2D bosonic Chern insulators in a simple Bose-Hubbard type of model realizable in 1D optical lattices.
In this paper, we study the topological properties of an extended Bose-Hubbard model with cyclically modulated hopping and on-site potential parameters in 1D dimerized optical superlattices, based on numerical exact diagonalization (ED) [88, 89] and density matrix renormalization group (DMRG) methods [90, 91] . Our main results are as follows: (i) We show that this 1D interacting bosonic system at half filling and in the deep Mott insulating regime can simulate bosonic Chern insulators with a topological phase diagram similar to that of the celebrated Haldane model. In the hardcore boson limit, this system corresponds to the generalized SSH model of noninteracting fermions studied in Ref. [92] . (ii) We explore the topological properties of the ground state by calculating the many-body Chern number, the quasiparticle energy spectrum with gapless edge modes, the topological pumping of the interacting bosons, and the topological phase transition from a trivial Mott insulator to a topological Mott insulator. (iii) Finally, we obtain a global ground-state phase diagram consisting of a super-fluid phase and two Mott insulating phases.
The rest of this paper is organized as follows. In Sec. II, we propose the extended 1D Bose-Hubbard model in a dimerized optical superlattice. In Sec. III, we investigate the topological properties of the many-body ground state at the half filling in the model and show that this system can simulate an analog of Chern insulators of strongly interacting bosons. Finally, a brief summary is presented in Sec. IV.
II. MODEL
Let us begin by considering a 1D optical superlattice consisting of single-component interacting bosonic atoms with two sites (sublattices A and B) per unit cell [32, [39] [40] [41] [42] . In the tight-binding region, the system can be described by the following extended Bose-Hubbard Hamiltonian
where U denotes the on-site atomic interaction energy, n j =â † jâ j is the number operator in the j-th lattice, witĥ a † j andâ j corresponding the bosonic creation and annihilation operators, respectively. Here the single-particle Hamiltonian H 0 describes a generalized SSH chain with the intra-and inter-cell hopping energies
where the characteristic hopping strength t = 1 is set as the energy unit hereafter, δ represents the dimerization strength and β is a cyclical parameter varying from −π to π continuously, and µ A and µ B are the alternating onsite potentials on the sublattices A and B. In addition, the alternating on-site potentials µ A and µ B in H 0 are parameterized as
where g A , g B , h, and φ are parameters tunable by external laser fields [32, [39] [40] [41] [42] . Here φ ∈ [−π, π] is closely linked to whether we get symmetric (φ = 0) or antisymmetric (φ = ±π/2) alternating on-site potentials in the case of g A = g B = 0.
In the noninteracting case [92] ,Ĥ 0 can be rewritten aŝ
where ψ † k = (â † k ,b † k ). Diagonalizing the Hamiltonian and defining g + = (g A + g B )/2 and g − = (g A − g B )/2, we get two Bloch bands
where ∆ = (g − + h sin β cos φ) 2 + 2(1 + cos k) + 2(1 − cos k)δ 2 cos 2 β. Hereafter we drop the irrelevant energy constant g + by setting g A = −g B = g, such that g − = g. It is well-known that two distinct phases exhibit in the original SSH model when |t 1 | < |t 2 | and |t 1 | > |t 2 |, respectively, with a topological transition at |t 1 | = |t 2 | [18, 31] . The generalized SSH model described by the Hamiltonian h 0 (k) in Eq. (4) can be mapped to the 2D Haldane model in the momentum space [92] , where the topological Chern number is defined in an extended 2D parameter space spanned by the momentum k and the additional modulation phase β. The mapping is achieved by identifying k with k x , β with k y , φ with ϕ, and g/h with M z , where k x,y , ϕ, and M z denote the two quasimomenta, the next nearest-neighbor hopping phase, and the effective Zeeman filed in the Haldane model [45, 92] .
In the following section, we study the topological phases of the interacting bosons in this generalized SSH chain and show that this 1D system can simulate a bosonic analog of Chern insulators in the 2D Haldane model. Note that the quantum phases in a similar 1D Bose-Hubbard model (without the cyclically modulated hopping and on-site potential parameters) was studied in Ref. [93] . Here we focus on the topological properties of the Mott insulating ground-state by the ED and DMRG simulations, which are partially performed using the open-source Quspin library [89] and ITensor library [94] , respectively. The DMRG is regarded as the one of the best methods for the simulation of 1D strongly correlated quantum lattice systems [90, 91] . In the numerical DMRG calculations, we truncate the local bosonic basis up to a maximal occupation number (the maximum number of bosons per site) and increase the maximal occupation during our calculation until reaching convergence.
III. TOPOLOGICAL PROPERTIES
In this section, we systematically investigate the topological properties of the 1D generalized Bose-Hubbard model in Eq. (1). In particular, we focus on the ground state at half filling, in which case the particle number is N a = L/2 with the lattice length L. We first consider the excitation gap and the many-body Chern number to characterize the insulating ground state of the system. We then study the quasiparticle energy spectrum with gapless edge modes and the topological pumping of the interacting bosons in the deep Mott insulator regime. Finally, we reveal the topological phase transition from a trivial Mott insulator to a topological Mott insulator and present the global phase diagram of the ground state. 
A. Excitation gap and Chern number
We first perform the ED of the model Hamiltonian (1) for small-size lattices under periodic boundary conditions (PBCs) to obtain the eigenenergies and the Chern number of the many-body ground state. At half filling and under PBCs, the ground state of the system is nondegenerate and separated from the first excited state by an excitation gap
where E g and E e denote the energies of the ground and first excited states for fixed N a = L/2, respectively. The calculated excitation gap ∆ ex as a function of the interaction strength U for L = 12 and 16 is shown in Fig. 1(a) . It is clear that ∆ ex is virtually flat for small U and then increases monotonically with respect to U and finally saturates at a finite value when U is large enough. The ED results imply that if L is large enough, the excitation gap decreases to zero as U drops below a critical value, namely U c . The cold bosonic atomic system is then in the superfluid phase [13, 14, 93] . The superfluid state can be characterized by a finite value of the single-particle density matrix under PBCs [88] , such as ρ 1,L/2+1 = Ψ g |a † 1 a L/2+1 |Ψ g in our case, where |Ψ g denotes the ground-state wave function. The typical results of ρ 1,L/2+1 in Fig. 1(b) show that the superfluid (Mott insulator) phase forms for small (large) U , which exhibits the dependence of the lattice size L and takes the critical value U c ≈ 2 when L is up to 800. When U → ∞, the atoms become hardcore bosons and the Bose-Hubbard model can be mapped to the free fermion model with the two-band Bloch Hamiltonian h 0 in Eq. (4), where the band gap is 2t = 2 for the chosen parameters. The small deviations of ∆ ex between the ED results and the excepted values in the large and small U limits (∆ ex = 0 for U < U c and ∆ ex = 2 for large U ) are due to the finite-size effect and can be decreased by enlarging the lattice size.
We calculate the Chern number to characterize topology of the many-body ground state with finite excitation gaps. For free fermions in Bloch bands, the Chern number is usually defined as an integration over the occupied states in momentum space [95] . However, the definition is no longer applicable for bosons as many bosons can occupy the same momentum state. For the interacting bosonic system, we suppose the ground state |Ψ g (j, θ, β) is separated from the excited states and depends on the parameters θ and β through the twisted PBC [96] : |Ψ g (j + L, θ, β) = e iθ |Ψ g (j, θ, β) , where j = 1, · · · , L, and θ ∈ [−π, π] is an imposed twisted phase. In this case, the many-body Chern number is given by [96] 
where A µ = i Ψ g (θ, β)|∂ µ |Ψ g (θ, β) (µ = β, θ) is the Berry connection. We numerically calculate C MB by evaluating the Berry curvature F (θ, β) = ∂ β A θ − ∂ θ A β for a discretized manifold spanned by θ and β [97] . Notably, we define the bulk gapped phase under the twisted PBC if the many-body ground state remains gapped in the whole θ-β parameter space. We depict C MB as a func-tion of U at half filling in Fig. 1(a) . We find that C MB is quantized to unit for the Mott insulator states when U > U c , while C MB is unquantized (and actually is not well-defined) due to the gapless for the superfluid phase. We emphasize in the topological properties of the deep Mott insulator states and obtain a topological phase diagram with respect to φ and g/h from calculated C MB for U = 10, as shown in Fig. 2 . There are a trivial Mott insulating phase with C MB = 0 and two topological Mott insulating phases with C MB = ±1. The topological phase transition will be addressed later. It is clear that the phase diagram obtained for the strongly interacting bosons in the 1D dimerized lattice is similar to that for free fermions in the 2D Haldane model. Thus, we can use ultracold bosons in the 1D optical superlattice to simulate the bosonic Chern insulators, which can be viewed as anomalous quantum Hall effect of interacting bosons in 2D lattices. In the following, we further study the topological and quantum phases of the model system. Without loss of generality, we fix the parameters h = 1, δ = −0.5, and φ = −π/2. We first study the case of g/h = 0 and then obtain the global phase diagram with various g/h.
Before proceeding, we further confirm the critical interaction strength U c ≈ 2 for the quantum phase transition from the superfluid to Mott insulating phases, based on the DMRG calculation of the excitation gap ∆ ex . In Fig.  3(a) , we show ∆ ex as a function of the phase parameter β for U = 1, 10. We find that ∆ ex varies with respect to β and takes the minimum value when β = 0, ±π. Thus, we consider the excitation gap with fixed β = 0 and calculate ∆ ex as a function of U for L = 60. As shown in Fig. 3(b) , we find the critical point near U = 2 for the same parameters in Fig. 1(a) . For further determine U c in the thermodynamic limit, we perform the finite-size scaling of ∆ ex for various U , which should approach to nonzero (zero) in the Mott insulating (superfluid) phase. The finite-size scaling in Fig. 3 (c) shows that ∆ ex in the L → ∞ limit tends to be finite when U 2, which gives the critical interaction strength U c ≈ 2 for the parameters in Fig. 1(a) . By the same procedure, we can determine U c for the cases of g/h = 0. For instance, the finite-size scaling analysis in Fig. 3(d) for g/h = 0.5 gives U c ≈ 1.8.
B. In-gap edge states
The appearance of in-gap edge states at the boundary is a hallmark of topologically nontrivial systems. To further study the properties of the bosonic topological Mott insulators in our model, we calculate the quasiparticle energy spectrum [80] δE (O,P )
where E (S) n is the ground-state energy of the system with N a = n bosons, with S = O, P denoting the open boundary conditions (OBCs) and PBCs, respectively. Here n represents the extra energy needed to add an atom to the system with n atoms. The quasiparticle energy spectra for the lattice length L = 60 and strong interaction strength U = 100 under OBCs and PBCs are shown in Fig. 4(a) . It is clear that the spectrum splits into two branches separated by a finite gap near the half filling with two degenerate in-gap states under OBCs. The distribution of a quasiparticle in the presence of n bosons filling in the lattice can be defined as [98] δn j = ψ g n+1 |n j |ψ g n+1 − ψ g n |n j |ψ g n ,
where |ψ g n denotes the ground-state wave function of the system with n bosons. We numerically calculate the density distribution of the two in-gap modes and find that they are localized near the two edges of the 1D lattice, as shown in Fig. 4(b) . This indicates that the ground state and first excited state differ by just edge excitations in the topological phase of the system under OBCs.
Furthermore, we show the energy spectra of the quasiparticles as functions of the phase β under OBCs in Figs.  4(c,d) . The two edge modes (that are degenerate in energy at β = 0) exhibit inside the gap between the lower and the upper branches of the energy spectrum and connect two branches of the bulk bands with β varying continuously. In the hardcore boson limit, the energy spectrum of the quasiparticles exhibits the particle-hole symmetry and has a bulk gap of 2, which is similar to the free fermions. For the strong interacting case of U = 100 shown in Fig. 4(c) , one can find that the energy spectrum slightly deviates the particle-hole symmetry with a bulk gap about 1.8. In general, the particle-hole symmetry in the quasiparticle energy spectrum does not hold for soft bosons, which can be seen clearly from Fig. 4(c) for the case of U = 10. However, the topological properties can exhibit for soft-core bosons.
C. Topological pumping of interacting bosons
We now consider the topological pumping to the interacting bosons in the lattice. Topological charge pumping enables a quantized motion of particles through an adiabatic cyclic evolution in parameter space of the Hamiltonian [33] . The exact quantization of the transported particles in the thermodynamic limit is purely determined by the topology of the pump cycle. Especially, the pumped particles in an insulating state can be concerned with an integral of the Berry curvature over a closed surface that is quantized to be the Chern number. Experimentally, 5. (Color online). (a) The center-of-mass XCOM as a function of the pump parameter β for two examples of CMB = 1 (g/h = 0 and φ = −π/2) and CMB = 0 (g/h = 1 and φ = 0) in Fig. 1(b) . (b) Schematic of three typical pump cycles for CMB = 0, ±1 in the limit of hardcore bosons.
the topological (geometry) pumping has been demonstrated with cold atoms in 1D dimerized optical lattices from measuring the drift of the center-of-mass of atomic gases [39] [40] [41] [42] .
For OBCs, we can calculate the center-of-mass of the ground state with respect to the adiabatic parameter β, which is given by
.
Similar as that for noninteracting fermions [35, 36] , the shift of the center-of-mass δX COM for the strongly interacting bosons during a pump cycle is related to the Chern number [42, 87, 99] δX
where d = 2a with the lattice spacing a ≡ 1. In Fig. 5(a) , we show X COM as a function of β for the lattice length L = 60, with two examples of C MB = 1 and C MB = 0 in Fig. 2 , respectively. When C MB = 1 (C MB = 0), X COM exhibits a (no) discontinuous jump of nearly one unit cell when β varies from −π to π, which gives rise to δX COM /d 1 = C MB (δX COM /d = C MB = 0) as expected. The discontinuous jump in X COM (β) corresponds to the shift of an occupied edge mode from one side of the lattice to the other under OBCs, which is the bulk-edge correspondence in topological pumping [100] .
In the hardcore boson limit, the topological pumping can be simply understood from a single-particle picture. The hardcore bosons can be mapped to free spinless fermions via the Jordan-Wigner transformation [101] 
wheref † j andf j are the creation and annihilation operators for free fermions, respectively. After this mapping, the pump induced by the adiabatic cyclic modulation β are related to a 2D parameter space spanned by the parameters t 1 , t 2 , µ A and µ B with the following relations:
Here we have taken t = 1, h = 1 and δ = −0.5 throughout the pump cycle. Since the quantized pump depends only on the topology of the pump path, as shown in Fig. 5(b) , we consider three typical pump paths corresponding to C MB = 0, ±1 in the topological phase diagram in Fig. 2 . The nontrivial or trivial pump depends on whether the trajectory encloses the degenerate point in the parameter plane or not. The pump cycle which does not enclose the origin point at t 1 − t 2 = µ A −µ B 2 = 0 corresponds to C MB = 0. On the contrary, the sequences with winding paths result in topological pumping with C MB = ±1, where the sign is determined by the pump direction of the particles.
D. Topological phase transition
We now proceed to study the topological phase transition between normal (C MB = 0) and topological (C MB = 1) Mott insulators. To do this, we first calculate the many-body Chern number C MB as a function of the interaction strength U and the system parameter g/h (with fixed φ = −π/2 and δ = −0.5) for the lattice with length L = 12, as shown in Fig. 6(a) . We find that in the Mott insulator regime, C MB = 1 is independent of U as long as g/h < 1, while C MB = 0 when g/h > 1. This result can be understood for hardcore bosons as a topological (trivial) band insulator with a fully filled lowest single-particle band characterized by nonzero (zero) Chern numbers after mapping to free fermions, and due to the gapped nature of the Mott insulators, the corresponding topological numbers are kept at finite U [80] [81] [82] . We also check that C MB is independent of the system-size L by calculating C MB from L = 8 to L = 60 using both ED and DMRG, with two examples shown in Fig. 6(b) .
The topological phase transition can be linked to the closing of the bulk excitation gap ∆ ex in the θ-β parameter space. To reveal the gap-closing nature of topological transitions, we calculate the minimums of ∆ ex in the parameter space under the twisted PBC:
As shown in Fig. 6(a) , the gap ∆ (min) ex apparently closes along the line of g/h = 1 for all U > U c , which corresponds the change of the many-body Chern numbers of the ground state shown in Fig. 6(a) . In Fig. 6(d) , to show the gap-closing more clearly, we plot ∆ (min) ex as a function of g/h with fixed U = 10 for L = 12 and 60. We also calculate the center-of-mass X COM in two typical pumps for g/h = 0.9 and 1.1, respectively, as shown in Fig. 6(e) . For the topological (trivial) pumping when g/h = 0.9 (g/h = 1.1), the results show one (zero) unit-cell jump in X COM (β), which indicate the shift of |C MB | = 1 (|C MB | = 0) edge mode from one side of the lattice to the other under OBCs. The edge modes in the topological phase are gapless for one specific value of β, as shown in Figs. 4(c) and 4(d). Under OBCs (note that θ is just defined under the twisted PBC), we can define the particle-hole gap of the quasiparticles as [81] 
near the half filling, where the quasiparticle energy δE Previously, we have studied the topological properties of the ground state of the system and revealed the topological phase transition between normal and topological Mott insulators when g/h = 0 for U > U c . In addition, for g/h = 0 and 0.5, the ground state undergoes a quantum phase transition from the superfluid to the Mott insulators at the critical interaction strengths U c ≈ 2 and 1.8, respectively, which are obtained by the finite-size scaling analysis of the excitation gap. Using the same method, we can determine U c for other values of g/h, and then obtain the global phase diagram with respect to g/h and U , as shown in Fig. 7 . The phase diagram shows the critical U and g/h for determining the boundaries of three quantum phases: superfluid, normal Mott insulator with C MB = 0, and topological Mott insulator with C MB = 1. One can find that the value of the critical point U c is decreased with the increasing of g − /h since the potential offset increases the band gap in the single-particle energy bands.
IV. CONCLUSION
In summary, we have studied an extended 1D Bose-Hubbard model at half filling and shown that the ground state in the strong interaction regime can simulate bosonic Chern insulators with a topological phase diagram similar to that of the 2D Haldane model. Moreover, we have explored the topological properties by calculating the many-body Chern numbers, the in-gap edge states in the quasiparticle energy spectrum, the topological pumping, and the topological phase transition between normal (trivial) and topological Mott insulators. We also have obtained the global phase diagram with the superfluid and the two Mott insulating phases. Our proposed model could be realized with ultracold bosonic atoms in a 1D dimerized optical superlattice with tunable parameters and atomic interactions. The topological properties in the system, such as the topological pumping, can be detected in current cold-atom experiments, allowing for further exploration of interacting topological phases with ultracold atoms.
